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Abstract
Equivalence between recently introduced and the classical moduli of smoothness on the sphere is shown
to hold for 1<p<∞ but to be invalid for p = 1 and ∞.
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For the unit sphere Sd−1, Sd−1 ⊂ Rd, the recently introduced moduli of smoothnessr (f, t)p
(see [5]) is given by
r (f, t)p = sup
(
‖rf ‖Lp(Sd−1) :  ∈ SO(d), x · x cos t for any x ∈ Sd−1
)
, (1)
whereSO(d) is the group of orthogonal d×d matriceswhose determinant is equal to 1,f (x) =
f (x) − f (x) and kf (x) = 
(
k−1 f (x)
)
. The traditional measure of smoothness on Sd−1
(see [8, (3.2)] for historical review) is given by
˜2r (f, t)p = sup
0< t
∥∥(S − I )rf ∥∥Lp(Sd−1) , (2)
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where
Sf (x) = 1
m()
∫
x·y=cos 
f (y) dy, S1 = 1. (3)
The equivalence ˜2r (f, t)p ≈ ‖(St − I )rf ‖Lp(Sd−1) for 1p∞ was recently proved in [1].
On a few occasions I have claimed (without proof) that 2r (f, t)p and ˜2r (f, t)p are equivalent
for 1 < p < ∞ and not equivalent for p = 1 and ∞ (see for instance [7,8]).
As I was called to task by some friends about the lack of (published) proof, I am presenting it
here.
Theorem 1. The moduli 2r (f, t)p and ˜2r (f, t)p given in (1) and (2), respectively, are equiv-
alent for 1 < p < ∞, that is, there exists a constant C = C(p) > 0 for which
C−12r (f, t)p˜2r (f, t)pC2r (f, t)p, 1 < p < ∞ (4)
and the left inequality in (4) does not hold for p = 1 and ∞.
Proof. We ﬁrst observe that 2r (f, t)p = 2r (f − A, t)p and ˜2r (f, t)p = ˜2r (f − A, t)p
for any constant A and we choose A = P0f = 1m(Sd−1)
∫
Sd−1 f d. Therefore, we may assume
from this point on that we are dealing withf1 = f − A and not with f, and we have P0f1 =∫
Sd−1(f − A) d = 0. The realization results with nf1 the de la Vallée-Poussin-type means of
f1 are
˜2r (f1, 1/n)p ≈ ‖f1 − nf1‖p + n−2r‖˜rnf1‖p (5)
(see [4]) where ˜ is the Laplace–Beltrami operator on Sd−1 and
2r (f1, 1/n)p ≈ ‖f1 − nf1‖p + n−2r
∥∥∥∥∥max⊥x
(


)2r
nf1
∥∥∥∥∥
p
(6)
(see [7, Theorem 8.3 and Section 9, 8]). Perhaps the most convenient de laVallée-Poussin operator
is given by
nf1 =
∑
k=0

(
k
n
)
Pkf1 =
∞∑
k=1

(
k
n
)
Pkf, (7)
where Pkf is the projection (in the L2 sense) on the spherical harmonic of degree k and (u) ∈
C∞[0,∞), (u) = 1 for u1, (u) = 0 for u2. Actually, any de la Vallée-Poussin-type
operator can replace nf1 in (5) and (6). The ﬁrst terms in (5) and (6) are identical and this is one
of the advantages of using here the realization functionals rather than the K-functionals.
Therefore, we have to check only the relations between ‖˜rnf1‖Lp(Sd−1) and∥∥∥∥max⊥x
(


)2r
nf1
∥∥∥∥
Lp(Sd−1)
.We write nf1(x) = g(x) with x ∈ Sd−1 and hence g ∈ C∞(Sd−1)
and
∫
Sd−1 g d = 0. We deﬁne G(x) = g
(
x
|x|
)
for |x| > 0.
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For D = {x : 23 < |x| < 43} we now have∥∥∥˜rg∥∥∥
Lp(Sd−1)
= 1
m(D)
∥∥rG∥∥
Lp(D)
 d
r
m(D)
max
i
∥∥∥∥∥ 
2
x2i1
2
x2i2
· · · 
2
x2ir
G
∥∥∥∥∥
Lp(D)
(where  is the Laplacian) which, by [2],
 d
r
m(D)
max

∥∥∥∥∥
(


)2r
G
∥∥∥∥∥
Lp(D)
 d
r
m(D)
∥∥∥∥∥max
(


)2r
G
∥∥∥∥∥
Lp(D)
and, since G does not change radially,
C1dr
∥∥∥∥∥max⊥x
(


)2r
g
∥∥∥∥∥
Lp(Sd−1)
.
Therefore, for 1p∞ ˜2r (f, t)pC2r (f, t)p.
We will prove (4) for r = 1 and indicate the minor changes needed for other integers. For
g(x) = n(f1) we deﬁne G(x) = (|x|)g
(
x
|x|
)
with () = 0 for  12 and  32 , () = 1 for
|− 1| < 13 and () ∈ C∞[0,∞). For D1 =
{
x : ||x| − 1|  12
}
and D = {x : ||x| − 1| < 13}
we write
I ≡
∥∥∥∥∥max⊥x 
2
2
g(x)
∥∥∥∥∥
Lp(Sd−1)
C1
∥∥∥∥∥max 
2
2
G(x)
∥∥∥∥∥
Lp(D)
 C1d2 max
1 i,jd
∥∥∥∥∥ 
2
xixj
G(x)
∥∥∥∥∥
Lp(D1)
= C1d2 max
1 i,jd
∥∥∥∥∥ 
2
xixj
G(x)
∥∥∥∥∥
Lp(Rd)
.
As G ∈ C∞ and has compact support, i.e. D1, we have for 1 < p < ∞ (see [9, p. 59])
IC2 ‖G(x)‖Lp(Rd) .
Since () ∈ C∞ and g
(
x
|x|
)
does not change radially, we have
IC3
(∥∥∥˜g∥∥∥
Lp(Sd−1)
+ ‖g‖Lp(Sd−1)
)
.
We now recall [6, Section 4] that when ∫
Sd−1 g d = 0,
‖g‖Lp(Sd−1) C4
∥∥∥˜g∥∥∥
Lp(Sd−1)
,
which completes the proof of (4) for r = 1. For a higher integer r we observe that r is elliptic
and use [9, Corollary, p. 77] instead of [9, p. 59].
To show that the ﬁrst inequality of (4) does not hold for p = 1 and ∞ we note that it is sufﬁcient
to demonstrate the failure for p = ∞ since by duality the inequality for p = 1 would imply it for
p = ∞. For d = 3 and p = ∞ the function g(x, y, z) = xy log(x2+y2)	 (x2 + y2 + (z − 1)2)
where
	(r) =
{
1 r1/3,
0 r1/4, 	(r) ∈ C
∞[0,∞)
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(see [3, (6.1)]) would imply a contradiction as2(f, t)∞ = O(t2| log t |), t → 0+ and ˜2(f, t)∞
= O(t2), t → 0 + . 
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